1. In each case verify that the following are 3. Regarding 2x = 5 as the equation 2x + Oy = 5

solutions for all values of s and ¢. in two variables, find all solutions in parametric
form.
(@) v =19t -~ 35
y=25 13t +4. Regarding 4x — 2y = 3 as the equation
- =t 4x — 2y 4 0z = 3 in three variables, find all

) . solutions in parametric form.
i5 a4 solution of P

v +3y+ z=3 ¢5. Find all solutions to the general system ax = b of
Sv+T7y—42=0 one equation in one variable (a) when 4 = 0 and
b) wh :
b xy = 25 + 12t + 13 By when a0
Xy =4 6. Show that a system consisting of exactly one
Xy==5—3t—=13 linear equation can have no solution, one
x3=1t solution, or infinitely many solutions. Give
is a solution of examples.
2x + g xy + 9y + 3y = =1 7. Write the augmented matrix for each of the
xp+ 2a7 + 4 = 1 following systems of linear equations,
2. Find all solutions to the following in parametric (@ x—-3y=5 ob) x+2y=0
form in two ways. 2+ y=1 y=1
_ — ©x—y4+ z2=2 +odr+y=1
(@) Ix+y=2 (b) 2x + 3y =1 ] y+2=0

© 3x~-y+22=5 blx-2y+52=1 y+2x=0 zZ=x=2
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8. Write a system of linear equations that has cach

of the tollowing augmented matrices.

@ [1-146[0 s 2 -1 0=t
0 10[3 3210
2 -1 001 0 1103

9. Find the solution of each of the tollowing
systems of linear equations using augmented
matrices.

1) v-=1y
e =Ty=3

() r+2y= 1
Ity =1

o) v+ dy= 1
dv+3y= -3

() v+ 3y = -1
v+ dy= 2

10. Find the solution of cach of the following
systems of lincar equations using augmented
matrices.

1]

@ v+ y+2s==1e(b) 2v+ y+
v4+ y4+3z=0 Y42y +
-2y+ =12 KRS =2

12

[4]

1. Find alt solutions (if any) of the following
systems of linear equations.
@ x—2p=  Sel) r—2= 5
=-12v 4+ 8y = =20 —l2v+ 8y =16

X+ 2y~ z=a
12. Show that the system {2v + y + 3z = &
rv=d4y+Uz=¢

is inconsistent unless ¢ = 25 - 34,

—
L)

By examining the possible positions of lines
in the plane, show that two ¢quations in two

= -1

0

5

variables can have zero, one, or infinitely many

solutions,

14. In cach case cither show that the statemenc is
true, or give an example’ showing it is false.

() If a lincar syseem has # variables and
cquations, then the augmented marrix has
I TOWS,

3

15. lind a quadratic # + by + o’ such that the graph

+16,

+17.

=

«19,

20,

Sysiving of Livear Foualions

+(h) A consistent lincar system must have
infinitely many solutions.

(¢} If a row operation is done to a consistent
lincar system, the resulting system must be
CONSIstent.

o(d} If a series of row operations on a linear
system resules in an inconsistent system, the
original system is inconsistent.

of y = a + by + e+ contains cach of the poines
(=1,6),2,H),and (3, 2).

Solve {31‘+2.}r=5l l
Solve the system w changing
VM g 4 5y = 7 Shaneing
rv= -2y

and solving che

variables {
y==7+3

resulting equations for 2" and ',
Iind 4, &, and ¢ such that
k)
M=x4+3 _av+b ¢
(D=1 42 -l

[Hin: Multiply chrough by (* + 2)(2x = 1) and
equate coetficients of powers of x|

A zookeeper wants to give an animal 42 mg of
vitamin A and 65 mg of vitamin I} per day. e
has two supplements: the first containg 10%
vitamin A and 25% vitamin ; the second
contains 20% vitamin A and 25% vitamin D,
How much of each supplement should he give

the animal each day?

Workmen John and Joe earn a roral of $24.60
when John works 2 hours and Joe works 3 hours,
It John works 3 hours and Joe works 2 hours,
they gee $23.90. Find their hourly rates,

A biologist wants to ereate a diec from fish and

meal containing 183 grams of protein and 93

grams of carbohyrate per day. If fish contains

70% protein and 10% carbohydrate, and meal
I

contains 30% protein and 60% carbohydrate,
how much of each food is required cach day?

Such an exampla Is called a counterexampta. For exampte. if tho statement is that ~alt philosapliers havo beards™. the existence of

a non-bearded philosopher would ba a counteroxarnple proving that the statement is false. This is discussed again in Appendix 0
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SECTION 1.2

Gaussian Elimination

SECTICN 1.2

Definition 1.3

The algebraic method introduced in the preceding section can be summarized
as follows: Given a system of lincar equations, use a sequence of clementary row
operations to carry the augmented matrix to a “nice” matrix (meaning th.ut t.hc
corresponding equations are easy to solve). In Fxample 3 Seetion 1.1, this nice
matrix took the form

100

01 0y=

001

The following definitions identify the nice matrices that arise in this process.

A matrix is said to be in row-echelon form (and will be called a row-cchelon
matrix) if it satisfies the following three comditions:

1. il zero rows (consisting entirely of zeros) are at the bottom.
2. The first nonzero entry from the left in cach nonzero row is a 1, called the

leading 1 for that row.

3. Fachleading 1 is to the right of all leading Is in the rows above it.
A row-cchelon matrix is said to be in reduced row-echelon form (and will be called
a reduced row-cchelon matrix) if; in addition, it satisfies the follwwing condition:

£ Each leading 1 is the only nonzere entry in its colum.

The row-echelon matrices have a “staircase” form, as indicated by the following
example (the asterisks indicate arbitrary numbers).

()||_:.-.|:_- R

00 0] * =

0000]1=s

000000}

0000000

The leading 1 proceed “down and to the right” through t!u.- matrix. Fntries above
and to the right of the leading 1s are arbitrary, but all entries below al_ul t().t‘ht‘.! left
of them are zero. Henee, a matrix in row-cchelon form is in reduced form if, in
addition, the entries dircedy above cach leading 1 are all zero. Note that a matrix in
row-cchelon form can, with a few more row operations, be carried w reduced torm
(use row operations to create zeros above each leading one in succession, beginning

from the right),

I'he following matrices are in row-cchelon form (for any choice of numbers in

I ws
001

*-positions).

() [ = = | ook o ] # %
OG b x| |01 2] [T
0000 LO0OOI 001
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M:\py important problems in\.'(.:lvc lincar incflunlitics r:lthcr.than linear . 6. Fxpress the fast equation of each system as a sum () 3Jx— y+2:=3
equations. For cxample, a condition on the variables & and y might take the form of of multiples of the first two equations. [Hinr: v+ y— z= >
an mcqualit)‘-' v—5y<s 4‘ rather tlmp an c:qualit;‘.r Iv-5y=4 'l'lu_.'rc isa tcchni‘q‘uc Label the equations, use the gaussian algorithm. | v =2y + g _ ;,
(called the simplex algorithm) for finding solutions to a system of such inequalities L : - T
chat maximizes a function of the form p = ax + by where a and bare fixed constants. @ .,'1" Sk e of) v+ dy = s= 1
“This procedure involves gaussian elimination techniques, and the interested reader N "‘1 e '3""‘ =3 —x+ (0 = )y + z= —I|
can find an introduction on Connect by visiting www.megrawhill.ca/college/ ¥ =242y =1 v + y+w—2z= 1
nicholson and then sclecting this texe. o) oy + 20 =3y = =3 . )
Wi+ 3 —Sx = 8 +10. !-‘m(l t'hc rank of each of the matrices in
xp— 2vs + Sy = =33 Exercise 1,
7 Find all solutions 1o the Following systems, T, Find the rank of each of the following matrices.
1. Which nfthc.iimlln‘wir{g'nmtricc.:s are in reduced M2 13 11 (a) 3a, + By — 3y — Iy = 2 ’ @ri1 12 r-2 33
row-cchelon form? Which are in row-cchelon 01 =10 1 2y + 3 N -,'1_4 .l. 3 2§ 3 cand |
torm? & X — Ny — LAy = & i
o 00 01 -1{0 =204 a4+ 0y =0 -1 3 4 -5 72
‘ - -y - L xS — 2y — 124y = r
@y -1 2 M2 1 - 3] 00 0o olo 15— 2y - 12y = OF 11 =1 31 ([ 3 21 -2
0 00 (00 00 S [1 -1 2 4 6)2 ) ¥-nty-uy=0 -1 4 5 =2 1 -13 5§
0 01 0 121 -if-l ‘i’li*‘l*‘-“s:“ﬁg [ 16 3 4 I
. ST rnro-ntay= . -
1 =235 Drroo 3 L() 061 0f1 2 + 10 b v+ g = 0 @l 2 -t 0
0 001 00011 0 000 010 ' 0 o lea a+1
00001 N . © w= o=y cr
© 11 O 4. Tind all solutions (if any) to cach of the following vt it at ay=-l L[V 2-a =1 =20
o 001 systems of linear equations. —n 2t 3 - ay= 2 B 1 » 4
001 R P -
00 @ x=2y= 1 «M)3k- y=0 L 1=« 2 0
g - r=-2 v=3y=1 A v+ 2y - = 2 2-a 6-a 4
2. Carry cach of the following matrices to reduced 3 9 _ . I - ntdy= L .
row-echelon form. () 31- N ‘)y _ ; @ ‘3;1 (y- - 1 Y+ =iy = 0 12. Consider a system of linear equations with
_ y+ly=6 dy—6x =~ ¥ v — 5y Guy = =3 augmented matrix A and coefficiene matrix C, In
@fo -1 2121 -1 ) dr— y=4 o) v =3y =5 each case cither prove the statement or give :
(e) y (f) 2x =3y =5 8. In each of the f o w ! t or give an
0 1 227 2 4 PO oy, 3y—2¢=2 + In cachs of the following, find (if possible) example showing that it is false.
0 -2 437141 0 conditions on « and # such that the system D If there is )
- : 5. Find al} solutions (if any) to each of the following has no solugon, ene solution, and infinitely () 1f chere is more than one solution, .4 has a
L0 36164 | systems of linear equations. many sofutions. ' LA RS
[ b H . 9 3
Gifo= 31 32 0 @ x+ y+2= B o) “2x+3y+3= =Y @ x=2y=1 o) v by = —1 e L S St TS
0 2 6 1 =50 -1 Ty — :)'+ = () Ty o= S P 1;), =5 o 5)’ _ 5 one solution,
9 2 ' - o : .
D 3= 2 4 1= B SrTy+2s=—14 (©) x— by = —I o) by = | (©) lf‘thcre is no solution, the row-echelon form
0 1 -3 -1 30 | © x4 y-z=10 D) vily— s=2 vHay= 3 dety=h of C has a row of zeros.
3. “The augmented matrix of a system of lincar v +dy+ =5 4 Sy=iz=1 ' (cl} 1F the row-ccl Z ; :

- x of a syseem 3 . I 2 s = . S . L ) . -echelon form of € has a row of
equations has been carried to the following by 4G +Is=15 x+dy-3a=3 ) l.n GG the following, find (if possible) zeros, there is no soludon. Y
row operations. In each case solve the system. . , -, B conditions on a, b, and ¢ such that the system e
IR (© g-\ +y . =I ) v- -yi 35 = —3 h:\ls no solution, one solution, or infinitely many (¢} There 'I-“ no system that is inconsistent for

: 2 v-y+ = x— y+3= solutions. every choice of constans,
3 v4+y— z=3 -+ y+ z==—1| o e .
G011 0p2 Y , - @ 3v+ y— z=a «O)2x+ y- s=4 «(f) 1f the system is consistent for some choice of
000 0013 @ x+ y+ ==2  r+2y—d:=10 v y+2s=h Wy+3z=b constants, it is consistent for every choice of
(000 000]0 x + =1 2o— y+2= 5 Sy dy—dz=e . . constants,
r 2y o= B = 7; !
ML 2020 1} 1 ot Sy+ =7 v+ y=2=7 (©) =—x+3y+2==8 o) ¥+ ap=0 Now assume that the augmented matrix o has
0 0150 3| v o= 2 y by =0 3 rows and § columns,
0 0001 6l Wtdytaz= b s+or=10 () 1f the system is consistent, there is more than
L“ g 000 ol o one soludon.
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(hy T'he rank of A is at most 3.
(i) Tfrank A = 3, the system is consistent.
(i) TErank €' = 3, the system is consistent.

13, Find a sequence of row operations carrying
boveg hh+ey b+ ay i

by iy eytay (Wb By

iy

el s+l oay vy 6 6 G

f4. In cach case, show thar the reduced row-cchelon
form is as given,

Tp 0 100
@d 0 O0|withabe=0;{0 )V 0
Lg ¢ r 001
L a Fr+e 1 O =
Ly |1 & c+w|wheree#FamorhEm|O 1 #
t e a+b 000

ax+ by+ <=0

15. Show tlmt{ always

ax+bhy+eoz=0
has a solution other thanxy =0,y =0,z = 0.

. 5 b b} )
16. lind the circle a7 + y° 4 ax + by + ¢ = 0 passing
through the following points.

@ <2, 0,6, 0, and (1)
«) (1, 1), (5, =3}, and (=3, =3)

17. Three Nissans, two ords, and four Chevrolets
can be rented tor $106 per day. At the same rates
two Nissans, four Fords, and theee Chevrolets
cost $107 per day, whereas tour Nissans, chree
Fords, and two Chevrolets cost $102 per day.
IFind the rental rates for all three kinds of cars.

18. A school has three clubs and each student is
required to belong to exactly one club. One

19

20.

(=]

b
(B~

Systems of Linear Equations

year the students switched club membership as
follows:

Club A, I:, remain in A, 1 switch to B,

8 L ~
o switch to C.

Club B. & remain in B, Tzﬁ switch to A,
# switch to C.

K

Club C. & remain in C, 55 switch o A,

2
T switch to B,

If the fraction of the student population in each
ctub is unchanged, find cach of these fractions.

Given points (py, ¢1), (P2, g2, and (p3, ¢3) in
the plane with py, pa, and py distincet, show
that chey lie on some curve with equation

¥ =a+ by + o’ [Hint: Solve for 4, b, and c.]

The scores of three players in a tournament have
been lost. The only information available is the
wtal of the seores for players 1 and 2, the total
tor players 2 and 3, and the total for players 3
and 1.

{a) Show that the individual scores can be
rediscovered.
(b) Is this possible wich four players (knowing

the rotals for players 1 and 2, 2 and 3, 3 and
4, and 4 and 1

. A boy finds $1.05 in dimes, nickels, and pennies.

It there are 17 coins in all, how many coins of
cach type can he have?

. If a consistent system has more variables than

cquations, show thae it has infinitely many
solutions. |Hint: Use Theorem 2.
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Henee basic solutions are x,

EERERC R

1. Consider the following statements abourt a
system of lincar equations with sugmented
matrix . In cach case cither prove the statement
or give an example tor which it is false.

{(a) If che system is homogencous, every solution
is erivial.

(I 1f the system has a nontrivial solution, it
cannot be homogencous.

(¢} 1F there exists a trivial solution, the system is
homogencous. ’

() It the system is consistent, it must be
homogeneous.

Now assume that the systear is honogencons.

{¢) If there exists a nontrivial solution, there is
no trivial solution.

(f) It there exists a solution, there are infinitely
many solutions.

(g) It there exist nontrivial solutions, the row-
cehelon form of . has a row of zeros,

(hy IV the row-cchelon form of A has a row of
zeros, there exist nontrivial solutions,

(i} It a row aperation is applied o the system,
the new system is also homogencous.

) ach of AT :

2. In cach of the following, find all values of @ for
which the system has nontrivial solutions, and
determine all solutions in each case.

() rv=2y+ =0 «(Iy
vdap~ldz=0
“x+ 0y —5z2=10

Y+ 2y+ =0
v+l +0s=0
v+ 3y +az =10
©x+ y— =
ay = s

v+ oy 4oac

0 () ax+y+ z=0
= () v+y— z2=0
0 vdytas =0

I

Systams of Linear Equibions

3 -2 -2
| 0 0
=|lobtxo=]-gloandx; =] 1}
{} | 0
{} ] |
2 ] [
3.letx=| 1hy= olandz=| 1/ Inecach

-1 g l=2)
ase, either write v as a linear combination of

x, ¥, and z, or show that it is not such a lincar
combinarion.

0 e

Wv=| 1 by v=} 3

-3 L—+
[3 (3
©@v=1 ) v=10
L0 L3

4. In each case, cither express y as a linear
combination of a;, a;, and ay, or show chat it is
not such a linear combination. | lere;

-1 3] 1]
a = g,a;: —.I,,,nncl:l_;= :
1 L 1)
1 —I]
2
M y= 4 by x= gl
0 6l

Wy

. For cach of the following homogencous systems,
find a set of basic solutions and express the
general solution as a linear combination of these
basic solutions.

Gy x4+ 20— g+ 2.\‘4 + ooy = 0
X+ 2+ 2y +x;=0

ey 4wy =20+ 3y 4 a5 =0

o) Ay +20— v+t =0
—v) — 2 4+ 2y + =0

—r =243ty =0

SECTION 1.4

© ¥+ m— ytlyt = 0
A+ 2n— oAyt = {
v+ 3 — n+ g+ =0
4y + Sap — 2y + Sy o+ v =10

o) xp A vy = a2 = 0
a4+ 2 =ty — A+ a5 =0

- 2+ gt =0

=2y - 41y + Byy + 10x + a5 = 0

6. (2) Docs Theorem 1 imply that the
-z 4+ 3y=0, -
system has nontrivial
: =6y =0
solutions? Explain.

«(b) Show that the converse to Theorem 1 s
not true, “That is, show that the existence of
nontrivial solutions does sror imply thar chere
arce more variables than equations.

7. In cach case determine how many solutions
(and how many parameters) are possible for a
homogeneous system of four linear equations in
six variables with augmented matrix A Assume
that 4 has nonzero entrics. Give all possibilitics.

(a) Rank A = 2.
o(by Rank A = 1.

() A has a row of zeros.

o{d) The row-cchelon form of A has a row
of zeros.

25

8. ‘The graph of an ecquation ax + by + = Oisa
plane through the origin (provided that not all
of 4, b, and ¢ are zero). Use Theorem 1 to show
that o planes through the origin have a point
in common other than the origin (0, 0, 0).

9. (a) Show that there is a line through any pair
of points in the plane. (Hinr: Every line has
equation ax + by + ¢ =10, where o, b, and ¢
are not all zero.]

«(y) Generalize and show that there is a plane
ax + by 4 ez + d = 0 through any three
points in space.

10. ‘The graph of a Y by o+ d=100s
a circle if @ # 0. Show that there is a circle
through any three points in the plane that are
not all on a line.

o11. Consider a homogeneous system of linear
equations in # variables, and suppose that the
augmented matrix has rank 7. Show that the
system has nontrivial solutions it and only if

>

12. If a consistent (possibly nonhomogencous)
system of linear equations has more variables
than equations, prove that it has more than
one solution.
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